Solutions Homework 4 by Alberici, Diego
HOMEWORK 4, CALCULUS AND LINEAR ALGEBRA, 2015/2016
Assigned 10/14/2015, due 10/21/2015, collected from 2pm to 2.15pm sharp!
Name and Family Name (CAPITAL LETTERS):
MATRICOLA N.:
Exercise 1
Compute the derivatives of the following functions:
a) f(x) = e
√
x2+1
b) f(x) = cos
( x
x2 + 3
)
c) f(x) = log
(ex + e−x
2
)
Solution: Remember the derivatives of trascendental functions and use the rules of differentiation for
the composition of functions.
a) f ′(x) = e
√
x2+1 1
2
√
x2 + 1
2x
b) f ′(x) = − sin
( x
x2 + 3
) x2 + 3− x 2x
(x2 + 3)2
c) f ′(x) =
1
ex+e−x
2
ex − e−x
2
=
ex − e−x
ex + e−x
Exercise 2
Compute the following limits:
a) limx→∞
ex
x4 + 3x2 + 6
b) limx→∞
ex
ex + x
b) limx→∞
log x√
x
Solution: The following scale of velocity holds when x→∞:
log x << xα << ex
for any α > 0. This means that for example ex goes to infinity faster than any power xα (precisely e
x
xα →∞
as x→∞), while log x goes to infinity slower than any power xα (precisely log xxα → 0 as x→∞).
a)
ex
x4 + 3x2 + 6
=
ex
x4
1
1 + 3x2 +
6
x4
−−−−→
x→∞
∞
b)
ex
ex + x
=
1
1 + xex
−−−−→
x→∞
1
c)
log x√
x
=
log x
x1/2
−−−−→
x→∞
0
1
Exercise 3
Let us consider the following two complex numbers:
z1 =
1
2− i , z2 = (1 + i)(2 + i)
a) Compute their real and imaginary parts
b) Write their polar representations
Solution:
a) z1 =
1
2− i =
2 + i
(2 − i)(2 + i) =
2 + i
22 − i2 =
2 + i
5
, hence <z1 = 2
5
and =z1 = 1
5
.
z2 = (1 + i)(2 + i) = 2 + i+ 2i+ i
2 = (2 − 1) + i(1 + 2) = 1 + 3i, hence <z2 = 1 and =z2 = 3 .
b) Any non zero complex number z admits a unique polar representation z = r eiθ = r cos θ + i r sin θ
where r is the modulus of the complex number:
r = |z| =
√
(<z)2 + (=z)2
and θ is the phase of the complex number:
θ =
{
atan=z<z if <z > 0
atan=z<z + pi if <z < 0
.
Therefore in our case we have: z1 = r1 e
iθ1 with r1 =
√(2
5
)2
+
(1
5
)2
=
√
1
5
and θ1 = atan
1
5
2
5
= atan
1
2
;
z2 = r2 e
iθ2 with r2 =
√
12 + 32 =
√
10 and θ2 = atan
3
1
= atan3 .
Exercise 4
The law of an investment y(t), where y and t represent amount of money and time respectively, satisfies the
following ODE:
y′ =
1
2
y
a) How much money are needed at the beginning of the investment (t = 0) in order to have 5000 euros
at time t = 10?
b) What is the explicit form of the law y(t) in this case?
c) Find the time t2 when the initial capital is doubled.
Solution: The solutions of the O.D.E. y′ = 1
2
y are the functions y(t) = Aet/2 , with A ∈ R. In this
exercise we assume that y(t) represents the amount of money at time t.
a) Notice that the amount of money at time t = 0 is y(0) = A. Now the amount of money at time t = 10
is 5000 if and only if y(10) = 5000 ⇐⇒ Ae5 = 5000 ⇐⇒ A = 5000 e−5.
b) y(t) = 5000 e−5 et/2
c) One needs to solve the equation y(t2) = 2y(0). Namely Ae
t2/2 = 2A ⇐⇒ et2/2 = 2 ⇐⇒ t2 = 2 log 2.
2
